APPROXIMATING THE MEAN TIME IN SYSTEM IN A MULTIPLE-SERVER QUEUE THAT USES THRESHOLD SCHEDULING
In this paper we consider a queueing system consisting of a single queue with multiple exponential servers with different servicing rates. We assume that arrivals to the queue come from a Poisson source and are scheduled according to a threshold policy. Since determining the exact mean time in system appears to be difficult, we present an approximation that yields results very close to those obtained from simulation.
Jn this paper we study a multiple-server system sharing a common queue; the servers have different service rates. The control and analysis of such systems pose very interesting problems which, however, have received little attention. We will present an approximation method for obtaining the expected response time of a customer in any such system that uses a threshold scheduling policy.
Our motivation for studying threshold policies lies in the fact that these policies optimize performance of the system for a number of performance metrics. For example, Lin and Kumar (1984) show that a threshold schedule minimizes the mean response time of customers in a two-server system with Possion arrivals and exponential service times. Agrawala et al. (1984) consider a system with no arrivals, a fixed and finite number of customers in a queue with multiple servers, and exponential service times. They show that a threshold policy minimizes the total time required to process all the customers in the system. We have shown in another paper (Nelson and Towsley 1985) that a threshold policy maximizes the expected number of departures from a multiple-server system between successive arrivals when the arrival process is Poisson and service times are exponentially distributed. Finally, Ibe (1982) considered a multiple-server system in which customers were always assigned to the fastest available processor whenever a processor became idle. This policy is a degenerate form of a threshold policy in which all thresholds are identically zero. In his study, Ibe presented an approximation model with which to evaluate the performance of the system.
We will focus on multiple-server systems with an arbitrary number of servers, a Poisson arrival process and exponential service times. Queueing systems of this type are useful models for various computer system and communication network configurations-for instance, a multiprocessor system having different processors. In this case a job entering the queue (a central dispatch) would be assigned to one of the available processors according to some scheduling discipline. In another example, nodes of a communications network could be linked to one another by several channels of varying capacities (for example, a transmission group in a Systems Network Architecture (SNA) network). Messages passing through such nodes would be scheduled on the available links.
The paper is organized as follows: In Section 1 we describe the queueing system we consider, define a threshold scheduling policy, and discuss why finding an exact solution for the mean time in the system is difficult. In Section 2 we derive our approximation, and in Section 3 we compare the approximation with simulation results. Section 4 contains our conclusions.
The Model
Consider a set of N heterogeneous servers {P1, P2, PNj that serve a common queue. Jobs arrive to this queue according to a time-invariant Poisson process with rate X and are served in a first-come first-served 1. For i = Tj-land 1 < j < N, pi is defined to be the probability that an arrival to a waiting line of Tj -1 customers finds Pj busy. Only in this case will the queue length increase by 1, since if Pj is idle when the arrival occurs, the customer at the head of the queue will be scheduled immediately on Pj, thus leaving Tj-1 customers still waiting for service. Given these parameters, one can use standard analysis to solve the birth-death equations and calculate an approximation to Lq given in Equation 1. To obtain approximations for Pi, we define f to be the stationary conditional probability that Pi is busy, given that the queue length is less than Ti. Since we assume the Markov process is ergodic, we can calculate f by calculating the pro- 
Knowing pi and f, one can substitute (2) in Equation 1 to approximate the mean time in the system. In the remainder of this section, we give a method to calculate the parameters PT,-,, andfJ for i = 1, 2, . , N.
Case 1: All Thresholds Different
In this section we show how we calculate the pis and the fs under the assumption that all thresholds are unique. We first state a useful lemma. which the mean time in the system has a local maximum at low utilizations. This situation occurs because of the wide variation in service rates. Since both thresholds are zero, the slower server is scheduled even when it would be better to have customers wait until the faster server became available. The incremental delay due to scheduling the slower server is offset, for higher utilizations, by the increased number of customers processed by the faster server, and thus the mean time in system decreases, over a region, as the utilization increases. It is clear from the graph that the approximation mimics this anomalous behavior.
Lemma. Let a Markov

Conclusions
We have presented an approximation for the expected response time for a queueing system having multiple servers scheduled by a threshold discipline. The main method used in the approximation is to decompose the system into a set of related transient processes that are analyzed separately to obtain parameters used in a simplified birth-death process. We validated the approximation against simulation results and found it very accurate for low and high utilizations, and tended to overestimate the actual response time for moderate utilizations. The complexity of calculating the approximation increases exponentially with the number of thresholds that are the same. The growth is linear only in the case in which equal thresholds occur for servers whose rates are also the same. Nevertheless, the approximation is probably not practical for systems having many sets of equal thresholds. Determining a method to reduce the complexity for cases of this type is an interesting research problem.
